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Abstract. A diagonal metric Y27=i 9™d x l is termed Guichardk if YHZi 9u~ 
X^"=n-fc+i 9" — 0. A hypersurface in R n+1 is isothermic^ if it admits 
line of curvature co-ordinates such that its induced metric is Guichardk . 
Isothermici surfaces in K 3 are the classical isothermic surfaces in K 3 . 
Both isothermic^ hypersurfaces in R n+ and Guichardk orthogonal co- 
ordinate systems on R" are invariant under conformal transformations. 
A sequence of n isothermic^ hypersurfaces in R" +1 (Guichardk orthog- 
onal co-ordinate systems on R n resp.) is called a Combescure sequence 
if the consecutive hypersurfaces (orthogonal co-ordinate systems resp.) 
are related by Combescure transformations. We give a correspondence 
between Combescure sequences of Guichardfc orthogonal co-ordinate sys- 
tems on R" and solutions of the (^o^ -system, and a corre- 
spondence between Combescure sequences of isothermicfe hypersurfaces 
in R n+1 and solutions of the o(^+^"xo7"-fc fc) ~ s y s "t em > both being inte- 
grable systems. Methods from soliton theory can therefore be used to 
construct Christoffel, Ribaucour, and Lie transforms, and to describe 
the moduli spaces of these geometric objects and their loop group sym- 
metries. 

1. Introduction 

A parameterised surface f{x\,X2) in R 3 is isothermic if {x\,X2) is a con- 
formal line of curvature co-ordinate system. For example, constant mean 
curvature surfaces in M 3 are isothermic away from umbilic points. Classi- 
cal geometers constructed various geometric transforms for these surfaces 
that gave methods to generate new isothermic surfaces from a given one. 
The Christoffel transform associates to each isothermic surface fi(x\,X2) 
a second isothermic surface /b^i,^) ( a Christoffel dual of /i) such that 
the principal curvature directions of fx and /2 are parallel and the map 
/i(x) *— ¥ f2(x) is orientation reversing. A Ribaucour transform is a dif- 
feomorphism eft : M — > M* between two surfaces in M 3 satisfying: (i) the 
normal line of M at p intersects the normal line of M* at p* = (ft(p) at equal 
distance for all p G M, (ii) (j) maps principal directions of M to those of 
M*. Given an isothermic surface in M 3 , one can solve a system of compat- 
ible ordinary differential equations to construct a two-parameter family of 
Ribaucour transforms so that the target surfaces are also isothermic; these 
transforms are known classically as Darboux transforms. These geometric 
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transforms provide a rich class of isothermic surfaces. The connection of 
isothermic surfaces to soliton theory was first noted in ||, that the Gauss- 
Codazzi equation for isothermic surfaces in R 3 has a Lax pair and is a soliton 
equation. Techniques from soliton theory have been used to identify classical 
transformations of isothermic surfaces in @, j^j . 

A notion of isothermic surfaces in R n was introduced in Jl], ^ : An immer- 
sion f(xi,X2) in IR n is isothermic if the normal bundle is flat and (xi,X2) 
are conformal line of curvature co-ordinates. It was proved in H, |2| that the 
Gauss-Codazzi equation for isothermic surfaces in R n is the soliton equa- 
tion associated to ^" x ~^^ , and analogues of classical transformations 
were constructed for these higher co-dimension isothermic surfaces. 

Burstall asked in Q : Is there any interesting theory of isothermic sub- 
manifolds of R n of dimension greater than two? An attempt was made by 



Tojeiro in [11]: A parameterised submanifold f(x) in Euclidean space is k- 
isothermic if the normal bundle is flat, x is line of curvature co-ordinates, the 
induced metric is conformal to a Riemannian product, and there are exactly 
k distributions E±, . . . ,Eh such that TM = ®f =1 Ei and each Ei(x) is con- 
tained in the common eigenspace of the shape operators {^4^|t7 E v{M) x }. 
However, the class of /c-isothermic submanifolds is not as rich and does not 
have all the geometric transforms that isothermic surfaces have. 

In this paper we give a positive answer to Burstall's question. We first 
define Guichard diagonal metrics. Fix 1 < k < n — 1. A diagonal metric 
Sr=i 9adXi is Guichardk if 



n—k n 
i=l i=n— fc+1 



9\ 



Let l n -k,k = diag(ei, . . . ,e n ) with e, t = 1 for i < n — k and e» = —1 for 
n — k < i < n, and ( , )k the bilinear form on C n defined by 

(x, y)k = x T l n - k ,ky- 

If ds 2 = Ya=i u idxj is a diagonal metric, then ds 2 is Guichard^ if and only 
if (u, u)k = 0, where u = (m, . . . , u n ) T .We call u a metric field for ds 2 . 

An orthogonal co-ordinate system 4>{x) on M. n is Guichardk if 0*(dsg) 
is Guichard^, where dsg is the standard Euclidean metric on IR n . Let 
(j){x),ip{x) be orthogonal co-ordinate systems on W 1 . Classically, a map 
4>{x) i— > ifj(x) is said to be a Combescure transform if 4> Xi (x) is parallel to 
ip Xi (x) for all 1 < i < n. 

A hypersurface in R" +1 is isothermic^ if it admits line of curvature co- 
ordinates such that its induced metric is Guichard^. It follows from the 
definition that isothermic^ hypersurfaces in R n+1 and Guichard^ orthogonal 
co-ordinate systems on R™ are invariant under conformal transformations. 
Note that isothermici surfaces in R 3 are the classical isothermic surfaces in 
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Let /i,/2 be two isothermic hypersurfaces in R n+1 . The map fi(x) i— > 
f2(x) is called a Combescure transform if is parallel to {f2)x l for all 

1 < i < n. 

Definition 1.1. A sequence {</>i, . . . , cp n } of Guichard^ orthogonal co- 
ordinate systems on R n is called a Combescure sequence if (i) <pi(x) i— > 
is a Combescure transform for all 1 < z < n — 1, (ii) ui,...,u n 
are linearly independent at every point, where U{ = (un, . . . , Ui n ) T are met- 
ric fields for ^(dsg) (i.e., <^*(dsg) = Ylj=i u ij^ x j) chosen in such a way 
that 

(1.1) 2- = 2-, l<i,.7<n. 

Condition (i) implies that given a choice of metric field u\ for 0*(dsQ), 
there exist unique metric fields U{ for 0*(dso) satisfying (LI). Note that the 



condition that u\,..., u n are independent is independent of choices of u\. 

Definition 1.2. A sequence of isothermic hypersurfaces {fi, ■ ■ ■ , f n } in 
M n+1 is called a Combescure sequence if (i) /j(x) i— > /j+i(x) is a Combescure 
transform for all 1 < i < n — 1, (ii) u\, . . . , u n are linearly independent at 
every point, where Ui = (un, . . . ,Ui n ) T are chosen such that the induced 

metrics If = Yl^-i ufAx 2 satisfy ^'^ J = for all 1 < i,j < n. 

Next we explain the relation between Combescure sequences and soliton 
equations. To each symmetric space U/K is associated a soliton hierarchy. 
The flows in the hierarchy are parameterised by (a,j) with 1 < a < rk(U/K) 
(the rank of U/K) and j a positive integer. Each flow is equivalent to the 
condition that a family of u c -valued connection 1-forms {#a|A € C} is flat: 
this family is the Lax pair of the flow. In fact, the Lax pair 9\ of the (a, j)-th 
flow is a degree j polynomial in A. For example, the SU(2), §^§y- and |^t|j 
hierarchies are hierarchies for the non-linear Schrodinger equation, modified 
KdV equation, and the reduced 3-wave equation respectively. We put all 
(a, l)-th flows with 1 < a < ik(U/K) together to construct a first order 
non- linear system, the so-called U / X-system (cf . Jjj ) . These integrable 
systems often arise in submanifold geometry. 

We call a basis C = {c%, . . . , c n } of W l ~ k,k a null basis if each c\ is a null 
vector. One main result of this paper is to give a construction of a Combes- 
cure sequence of isothermic^ hypersurfaces {fi , ■ ■ ■ , fn ,C } from a solution 

£ of the o{n+^xO{n-l fc) " s y s ^ em an d a nun basis C of M. n ~ k ' k . Moreover, we 
show that: 

(1) All Combescure sequences of isothermic^ hypersurfaces arise from 
this construction. 

(2) If B, C are two null bases for M. n ~ k ' k , then /■ ' (x) — ► /■ (a;) is again 
a Combescure transform for all 1 < i < n. 
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(3) Let /i, . . . , f n -i be isothermic^ hypersurfaces in R n+1 such that (i) 
fi(x) i— ► fi + \(x) is Combescure for all 1 < i < n — 2, (ii) u\,... ,u n -i 
are linearly independent at every point, where ut = (ua, . . . , U£ n ) is 

the metric field for the induced metric If, chosen so that ^Lfi = 

for all 2 < I < n — 1. Then there exists an isothermic^ 

hypersurface f n so that {fi, ■ ■ ■ , f n } is a Combescure sequence of 
isothermicfc hypersurfaces in R n+1 . 

(4) If (/i,/2) is a Combescure sequence of isothermici surfaces in R 3 , 
then either (/i,/2) is a classical Christoffel pair, or (/i, 52) is, where 
g%{x\, X2) = f{x\, —X2) is oppositely oriented to f\. 

We have similar results for Combescure sequences of Guichardfc orthogonal 
co-ordinate systems and solutions of the ^xO(n-fe fc ^ -system. 

We apply techniques from soliton theory to construct loop group actions, 
Ribaucour transforms, and Lie transforms for Combescure sequences of 
isothermicfc hypersurfaces. We prove that Christoffel and Ribaucour trans- 
forms commute, and that the conjugation of a Ribaucour transform and a 
Lie transform is again Ribaucour. Moreover, our results generalise those for 
isothermic surfaces. 

Results in Q and ||] imply that Combescure sequences of isothermic^ 
hypersurfaces are determined by n 2 functions of one variable and a null 
basis of R n ~ k > k . 

An n-dimensional submanifold in R n+m is isothermic^ if it has flat nor- 
mal bundle and line of curvature co-ordinates such that the first fundamental 
form is Guichardfc. Isothermicfc submanifolds in M n+m are invariant under 
conformal transformations. All results for the co-dimension one case gener- 
alise easily to higher co-dimension. 

All Guichardfc co-ordinate systems and isothermic^ hypersurfaces in this 
paper are defined on simply connected open subsets of R n . Although the 

Cauchy problems for the 0( n)xO(n-fe,fc) - and 5(SpCT ' s y stems with 
rapidly decaying initial data on a non-characteristic line have global solu- 
tions, the corresponding co-ordinate systems and hypersurfaces may have 
singularities. 



The paper is organised as follows: We write down the Q( n ^ x o(n— i fc) ~ an< -^ 

0(2n+m-k,k) 



0(n+l)xO(n+m-k,k) 



-systems and their Lax pairs in section 2, give the corre- 
spondence between solutions of the ^o'('n-i ^) -system and Combescure 
sequences of Guichardfc orthogonal co-ordinate systems on M. n in section 
3. In section 4 we describe the correspondence between solutions of the 
0(n+i"xo7»-fc fc) ~ s y s ^ em an d Combescure sequences of isothermic^ hypersur- 
faces in R n+1 , and construct Christoffel transforms of these. In the final 
section we (a) use the dressing action of a rational loop with two poles on 
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the space of solutions of integrable systems to construct geometric Ribau- 
cour transforms of Combescure sequences of isothermic^ hypersurfaces and 
prove that Christoffel and Ribaucour transforms commute, and (b) con- 
struct Lie transforms of Combescure sequences of isothermic^ hypersurfaces 
and show that the conjugation of a Ribaucour transform by a Lie transform 
is again a Ribaucour transform. These geometric transforms can easily be 
generalised to Combescure sequences of Guichardfc orthogonal co-ordinate 
systems on M n and Combescure sequences of isothermic^ submanifolds in 
Euclidean space. 

9 THF Q(2n-k,k) Q(2n+l-fc,fc) SYSTFMS 

Let U be a real simple Lie group, a an involution of U (we also use a to 
denote d<r e on the Lie algebra u of U), K the fixed point set of <r, and t, p 
the ±1 eigenspaces of a on u. Let o be a maximal abelian[] subalgebra in 
p, {ai, . . . ,a ra } a basis of a, and a 1 - the orthogonal complement of a with 
respect to the Killing form. The U / K-system |7]] is the following PDE for 
u:r^a 1 np, 

[ai,v Xj ] - [a j: v Xi ] - [[a,i,v], [aj,v]] =0, i ± j. 

Set 

n 

(2.1) 9 x = ^2(a i X + [a i ,v})dx i . 

i=l 

The following Proposition is well-known and the proof follows easily from a 
direct computation: 

Proposition 2.1. The following statements are equivalent for a smooth map 
v : R n -> a 1 n p and <9 A defined by (fUl): 

(1) v is a solution of the U / K-system, 

(2) 0\ is flat for all A G C, 

(3) 9 r is flat for some rglU iR. 

We call 9\ the Lax pair for the solution v of the U/K -system. Note that 
A satisfies the \J jK -reality condition: 

W X = 9 X , <r(0_ A ) = A . 

Definition 2.2. Given a solution v of the U /X-system, an extended frame 
E\ for f is a parallel frame of 9\ (i.e., £' A ~ 1 di?A = ^a) that satisfies the 
£// IT-reality condition: 

(2.2) Ei = Ex, o-(E_ x ) = E x . 

^Throughout this paper maximal abelian will mean maximal semisimple abelian: when 
U/K is non-Riemannian there will generally be non-semisimple abelian subalgebras of 
dimension greater than the rank of U/K. E.g. p n stab(^) where £ is an isotropic line in 
R 1 ' 1 is 3-dimensional abelian for the rank 2 space q^x'cki i) • 
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An extended frame E is called the normalized extended frame for the solution 
v ]£E(0,X) =1. 

The following Proposition is well-known (cf. 0]). 

Proposition 2.3. Let v be a solution of the U/K-system, 9\ = ]Ci=i( a «^~'~ 
[aj,f])dxj the Lax pair ofv, and E\ an extended frame. Then: 

(1) E e K, 

(2) The gauge transformation 

n 

E *9 X = E Q 9 x E l - dEoE^ = \^2 Eo^o 1 dx * 

i=i 

is a p-valued closed 1-form, 

(3) Z := Q^E' 1 L is a p-valued map and dZ = Y17=i EoaiE^ 1 dx{. 

Proof. A simple computation implies that Eq*9\ = XQ. Since £1 is flat and 
A $7 = 0, dO, = 0. The third statement follows from a direct computation. 

□ □ 

Example 2.4 (The ^o'('n-i fc ) -system). Here the involution on 0(2n — 
k, k) is a(g) = l ntn gl~^ n , and 



where -M nX n is the space of real n x n matrices. Set 



J = I 



n—k,ki 



a. 







o 



1 < i < n. 



Then {ai, . .. ,a„} is a basis of a maximal abelian subalgebra a in p, and 
moreover 

-F T J\ 



The Lax pair for the 

(2.3) e x ■- 

where 5 = diag(dxi, 

Q(2n-fc,fc) 
0{n)xO(n-k,k) 



uJ 

X6 



F J 

Q(2n-fc,fc) 
0(n)xO{n-k,k) 

X5J 



E — {fij)i fii 

system is 



V 1 < i < n 



UJ 



5JF + F T J5, t = -5F 1 J + F5J, 



,dx n ). 



The r>®\?JX/!H' k l i.\ -system is given by the condition that 0q is flat, i.e., 



In other words, the 



do; = — uj Auj, dr = — r A r. 
o(2n-fc,fc) S ygtem for F = (fij) is 



0(n)xO(n-fc,fc) 

£i{fij)xj + £j\fji)xi ~ H^j Xyfc fikfjk = 0j * J> 

{fij)xi + {fji)xj ~ y^,f. ^kfkifkj = 0, i 7^ J, 

k (/<i)a!fc + tkfikfkj = 0, i, i, distinct. 



Example 2.5 (The 
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ft, 



P = 

Set 


A; 



system). Here a(g) 
t e M n , n +i 



I 



n+l 



,n9l 



-1 

n+l,n' 



0(n+l)xO(n-fc,fc)~ 

. ^ 

where J = I n _fc,A:- 

■f J ) 

Then ai, . . . ,a n forms a basis of a maximal abelian subalgebra a in p, and 
'0 -£ T J N 



At 



(eii,0), 1 < i < n. 







Z = (F, 1 ),F = (f ij ),f ii = 0, VKKn 



T i Q(2n+l-fc,fc) 
B 0(n+l)xO(ra-fc,fc) 



7 = (Tlj-'^Tn, 

Q(2n+l~fc,fc) 
0(n+l)xO(n-fc,fc) 



-system is the PDE for £ = (i 7 , 7) with .F = (/«) and 
for all 1 < i < n. The Lax pair for the 



T such that fi t 
-system is 



(2.4) 

\X(5,0) 

where J = I n -k,k, 5 = diag(dxi, . . . , dx, 
-5JF + F T J5 -5J-f 



S 

r 

and 



J 



(2.5) 







(F<5 



<5F T )J, 



Note that u and r are o(n + l)-valued and o(n — k, /c)-valued 1-forms re- 
spectively, and that the Q(^+i)xO(n-l fc) -system * s gi yen by the flatness of u 
and t. In other words, the o^li^xojn-l ^ -system is the following PDE for 
F = (f i:j ) and 7 = (71, ... , j n ) T : 

£i{fij)xj + e j{fji)x l — Ylk fikfjk = 0, 
{fij)xi 4" {fji)xj ~ X/fc ^kfkifkj = 0, 
{fij)xk ~\~ ^kfikfkj = 0; 

k (7i)«tj + e iA?7j = 0, 

Example 2.6 (The (n+m)t o(n-fc,fe) -system) . The Q( ^;7 x 'o7n-fc,fc) -system 
is the PDE for £ = (i 7 , 7) defined by the flatness of uj and r, where w and r 
are defined in terms of F, 7 the same way as in ( |2.5| ), i 7 = (fij) is an n x n 
map with /jj = for all 1 < i < n, and 7 a n x m- valued map. The Lax 
pair has the same form as 



(2.6) 



i + j, 
i + j, 
i,3,k 

i + j- 

0(2n+m-k,k) 



distinct, 



3. GUICHARD ORTHOGONAL CO-ORDINATE SYSTEMS 
We exhibit a relation between Combescure sequences of Guichard^ orthog- 



onal co-ordinate systems on R ra and solutions of the 



Q(2n-fc,fc) 



-system. 



0(n)xO(n-k,k) 

First recall a simple and well-known Lemma (the proof follows from a 
direct computation): 
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Lemma 3.1. Let <fi(x) be an orthogonal system on W 1 , and 0*(dsg) 
Y17=l u i^ x i' where ds 2 , is the standard Euclidean metric on M n . Set 

e% = — , 9= (ei,...,e n ), Ui = Uidxi, 

Ui 

and F = (fij) with 

fij 



[0, i = j. 

Then uj := (cjy) = g _1 dg is the flat Levi-Civita connection 1-form for 
4>*(dsl) and 



d.Xj dxj — Cifijdxi -\- Cj fjidxj , 



or equivalently, uj = (u>ij) = —5JF + F T J5, where S = diag(dxi, . . . , dx n ). 

Q(2n-fc,fc) 
){n)xO(n-k,k) ' 



Theorem 3.2. Let F = (fij) be a solution of the Qfawofn-i k) ' s V s ^ em J an d 



E\ an extended frame of F. Then: 

(a) E = l 9 } ] G O(n) x 0(n — k,k). 
V u 92 J 



(b) QJtE 1 \. is of the form { j T 1 \ for some A4 nxn -valued map 



o y N 

aX-^ lA=o M UJ ""■^J" 1 " 1 ' \-jy T 

y and dY = - Ya=o gieuJg^dxi. 

(c) Let c G W l ~ k ' k be a constant null vector. Then Yc is a Guichard^ 
orthogonal co-ordinate system on W 1 with ds 2 = Y17=i u i^- x i defined 
on the open subset {x € R n | YIi=i u i( x ) 0}; where (m, . . . , u n ) T := 
Jg^-c. 

(d) LfC = {ci,...,c n }isa null basis for R n ~ k > k , thenYC = {Yc\, ... , Yc n } 
is a Combescure sequence of Guichard^ orthogonal co-ordinate sys- 
tems on W 1 . 

(e) Lf{b\, . . . , b n } is another null basis for W l ~ k,k , then Y(x)Si \— > Y(x)bj 
is a Combescure transform for all 1 < i,j < n. 

Proof, (a) Since E\ is an extended frame, it satisfies the U/K -reality con- 

'gi o' 

.0 92, 

(b) By Proposition |2.3j , we have dY = —g\5Jg 2 ■ Set gi = (ei, ... ,e n ) 
and u = (u\, . . . ,u n ) T := g 2 l c. Then 

n 

(3.1) dYc = -(e*i, . . . , e n )S(e 1 u 1 , e n u n ) T = - ^ e^dx^. 

i=l 

(c) The Euclidean metric is therefore ds 2 = X^=i u idx 2 . But c being a 
null vector in W l ~ k,k implies that (u,u)k = 0. Hence Yc is a Guichardfc 
orthogonal co-ordinate system. 

Statements (d) and (e) follow. □ □ 



dition (|2.2j ), Eq £ K . Hence we can write Eq 
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Theorem 3.3. Let {<pi, . . . ,(p n } be a Combescure sequence of Guichardk 
orthogonal co-ordinate systems on M. n , and <j)i(0) = 0. Then there is a 
solution F of the o{njxO(n-l k) system and a null basis C = {c*i, . . . ,c n } 
of W l ~ k,k so that {<fti , . . . , <ft n } is the Combescure sequence of Guichardk 
orthogonal co-ordinate systems constructed from F and C as in Theorem 



3 A 



Proof. Let ut = (uei, . . . , U£ n ) T be the metric field for <^|(dsg) chosen as 
in Definition 11.11, so = _^jjfj Then the vector field e,- := ^! is 

I I' Uj?j Ulj J Uij 

independent of i. Set 

h = (e*i, . . . , e n ), uj = h _1 dh. 



Since h does not depend on £, we have, by Lemma 3.1, that 

_ _ Mxj 

Jij ■ — €i 

u ej 

is independent of t for i ^ j. Let F = (fij) with fa = for all i. Then 

oj = -5JF + F T J5 = h~ 1 dh 
is a flat o(n)-valued connection 1-form, where 5 = diag(dxi, . . . , dx n ). 
Claim 1. F is a solution of the Q ^)xO{n-k,k) - s y stem - 



The Lax pair 6\ for the Q^xoff fcl -system is (2.3). By Proposition 2.1 , 
F is a solution of the o^off k) -system if and only if both u and r are 
flat, where u = —5JF + F T J5 and r is the o(k, n — k)- valued 1-form defined 
by 

t = (ry) = {-5F T + FS)J, i.e., = -fjiejdxi + J)j< jd.r r 
To prove Claim 1 it thus suffices to prove that t is flat. We will show that 

(3.2) duj = uJt, l<£<n, 

i.e., uf,...,u^ are linearly independent parallel sections for r. It then 
follows that r is flat. By the definition of fij, 

(U£i)xj = -CifijUtj, i / j. 

Since Ya=i e i u u = °> 

eiUu(uii) Xi = ~y~] €jU£j(uij) Xt = uu ^2 fjiUij. 

So we have 

(3.3) (w«)x, = e» ^ fjiuej. 

It is a short calculation using ( j3lj| ) to establish ( |3.2[) . This proves Claim 1. 
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Since t t J + Jt = and (|3.2| ), we have 
(3.4) due = T T U£ = —JrJui, 1 < £ < n. 

Let 6\ denote the Lax pair for F, and E\(x) the solution of 

where /i(0) = (ei(0), . . . , e n (0)) G 0(n). Since £7 A (0) G 0(n) x 0(n - 
A;, fc) and 9\ satisfies the o(^)xO[n~l fc) ~ rean ty condition, E\ satisfies the 
0(njxO(n-l fc) ~ rean ty condition. In particular, Eq(x) G O(n) x 0(n — k) so 
we may write Eq = ] . Then 



.0 52, 

But /jtM/i = v and 51(0) = h(0). So 51 = /i. 
Claim 2. = — Jg^ 1 Jue(0). 
Since g^dc^ = t, 

d(J< ?2 - 1 ) = -Jr^ 1 = -JrJ(Jg 2 l ). 

By (0), /12 = (ui,...,u n ) also satisfies dfo = —JrJhz. There is thus 
a constant null vector q such that He = —Jg^C£. Since 52(0) = I, q = 
— Jue(0). This proves Claim 2. 



By Theorem [3^2 



d£ A F -i 
~d\~ x 



y 




A=0 

for some n x n valued map Y. Since E\(0) is independent of A, Y(0) is the 
zero matrix. 

It remains to prove that Y# = <p£, where = Yc£. 

Use U£ = —Jg^ci, g\ = h = (ex, . . . , e n ), and Theorem |3.2| (b) to see that 
dYg = ^2 i U£ i eidxi. But d(j)£ = Y^i u £i^e^- X i an d "^i(0) = <t>e(0) = 0. Hence 

Y t = <f> t . □ □ 

Since an o(n — k, fc)-valued connection 1-form r with n — 1 linearly inde- 
pendent parallel sections is flat, we have: 

Corollary 3.4. Suppose (f>x, ■ ■ ■ , (f> n -i are Guichardk orthogonal coordinate 
systems on M n such that (i) cpi(x) » <pi+i(x) is a Combescure transform 
for 1 < i < n — 2, (ii) ux, ■ ■ ■ , u n -x ar & linearly independent at every point, 
where u~£ = (uex, ■ ■ ■ , U£ n ) is the metric field of 0*(dso) chosen such that 

— = — \JH. t or all 2 < £ < n — 1 and 1 < j < n. There then exists a 
Guichardk orthogonal co-ordinate system <f) n on W 1 such that {(f>x, ■ ■ ■ , (f> n } 
is a Combescure sequence of Guichardk orthogonal co-ordinate systems. 



As a consequence of Theorem |3.2|(e) and Theorem 3.3 we have: 
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Corollary 3.5. Let $ = {(pi, . . . , 4> n } be a Combescure sequence of orthogo- 
nal co-ordinate systems on W n , and B = {bi, . . . , b n } a null basis ofW n ~ k,k . 
B then defines a Combescure sequence of Guichard^ orthogonal co-ordinate 
systems \P = {ipi, . . . ,ip n } on W 1 such that (f>i(x) h- > ipi( x ) ^ s a Combescure 
transform for each i. 

4. ISOTHERMIC HYPERSURFACES IN W a+1 
In this section we describe the correspondence between solutions of the 



Q(2n+l-fc,fc) 
0(n+l)xO(n-fc,fc) 



-system and isothermic^ hypersurfaces in M n+1 . 



The following result can be proved in a similar manner to Theorem |3.2| : 

Theorem 4.1. Let (i* 1 , 7) be a solution of the Q(^+t)xO(n-l fcl - s V s ^ em J an d 
E\ an extended frame for (F, 7) . Then: 

'91 



(a) E Q G 0(n + 1) x 0(n - k, k), so E 



92 



(b) E 1 | A=0 is of the form f jy T ^1 ^ or some ( n +l) x n valued 

map Y, and dY = - Ya=\ 9ieu Jg^dxi, where J = l n -k,k- 

(c) Let b be a constant null vector in M. n ~ k,k , then Yb is an immersed 
isothermick hypersurface in M n+1 with 



n n 

2 



i=i 

where (ui, . . . , u n ) T = Jg^u. 



i=l »=1 
\T _ r„-ii,. 

(d) 7/C = {ci, . . . , c n } is a nuH 6asis o/M n - fc ' fc , t/ien YC = {Yci, Yc n } 
is a Combescure sequence of isothermic^ hypersurfaces in M n+1 . 

(e) If {61, . . . , bn} is another null basis ofM. n ~ k,k , then Yci(x) 1— » Y6j(x) 
is a Combescure transform for 1 < i < n. 



We need the following Lemma to prove an analogue of Theorem 3.3 for 
Combescure sequences of isothermic^ hypersurfaces in R n+1 : 

Lemma 4.2. Suppose that f{x\, . . . ,x n ) is an immersed isothermic^ hyper- 
surface in M n+1 with fundamental forms 

n n 

1 = X/ U i dx i ' 11 = u i h idx"i, 

i=l i=l 

where (u, u)k = and u = (ui, . . . , u n ). Set F = {fij) and 7 = (71, ... , 7n ) T 
by 

(4.1) f tj = h^-ZT 1 -' 7 = ( 7l ,... )7n f, 7i = eA, 

10, i = j, 

where J = l n -k,k = diag(ei, ... ,e n ). Then 
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(4.2) U) 



-5JF + F T J5 -SJj 
j T J6 



is flat, 
(b) du T = vFt, where 

(4.3) r = —5F T J + F5J. 
Proof. Set 

Ki<„, 

and e n+ i the unit normal field. Then . . . , u n } is the dual frame and 

n n 

df = ^Ju^e, = ^UiSidxi, 
i=i i=l 

Write de*j = Sj=i ^ji^j for 1 < i < n + 1. Then 

(4.4) uJij = (dej, ei) , 1 < i,j < n + 1. 

It follows from elementary hypersurface theory that (tdij)i<ij<n is the Levi- 
Civita connection 1-form for the induced metric 1/ and 

(4.5) = % X] dxi - ^ U ^ Xi dxj, u n+ n = -hidxi, l<i,j<n. 

Uj Ui 

The Gauss-Codazzi equation for isothermic^ hypersurfaces in R n+1 is given 
by the flatness of the o(n + l)-valued 1-form to = (tjJij)i<i j< n +i, which 
written in terms of F, 7 is (^^) . This proves statement (a) . 

Use the condition Ya=i e i u i = ^ an< ^ the same computation as for the 
Guichardfc orthogonal co-ordinate system case to conclude du T = u t t. □ 

□ 

We have an analogue of Theorem for Combescure sequences of 
isothermicfc hypersurfaces in R n+1 : 

Theorem 4.3. Let {fi,-..,f n } be a Combescure sequence of isothermick 
hypersurfaces in M. n+1 , and fi(0) = 0. Then there is a solution (F, 7) 

of the o(^+^"xO(n-fc k) - s V s ^ em an d a- null basis C = {c±, . . . ,c n } so that 
{(/>!,...,</>„} is the Combescure sequence of isothermic^ hypersurfaces of 
M n+1 constructed from (F, 7) and C as in Theorem 4-1- 



Proof. Let ui = (un, . . . , U£ n ) be the metric fields for lj e (i.e., Ij e = 
Ya=i Veidtf) such that 

{fi)xi _ (fl)xj 

for all 1 < £ < n. We denote these vector fields by e\, . . . , e n (independent 
of €). This means that (ei,... ,e n ) is the orthonormal principal curvature 
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frame for each fy. So the unit normal e n +i for f\ is also the unit normal for 



each fi. By (4.4) the flat o(n + 1) connection 1-form (uiij(£)) 

(u)ij)(£) = {dej,ei) , 



is independent of £, denoted it by ui = (wy). But is also given by (4.5). So 
' — is independent of I. Let Fi and 7^ denote the matrix maps defined for 



fe as in (4T). So we have proved that Fg = F and j£ = 7 are independent of 
£, and cj is given by Q4.2|) . Let r be the o(n — k, k) connection 1-form defined 
by (4.3). By Lemma f4~^ (b), duf = uJt for 1 < £ < n, i.e., uf is a parallel 



frame for r. By Definition |L2| of a Combescure sequence of isothermic^ 
hypersurfaces, ui,...,u n are linearly independent. This proves that r is 



flat. In Example 2.5, we see that the Lax pair 6\ for (F, 7) at A = is 



r j • By Proposition [H] (3), (F, 7) is a solution of the q (n+i)xO (n-1 , fc ) ~ 
system. 

The rest of the proof can be carried out the same way as that of Theorem 



3.3, □ □ 



Since an o(n — k, fc)-connection r with n— 1 linearly independent parallel 
sections is flat, we have 

Corollary 4.4. Suppose /1, . . . ,/n-i a? "e isothermick ofM. n+1 such that (i) 
fi(x) 1— > fi+\(x) is Combescure for each 1 < i < n — 2, (ii) u\, . . . , u n -l are 
linearly independent at every point, where U£ = (ua, . . . ,U£ n ) is the metric 

field for the induced metric If t chosen in such a way that = — 

for all 2 < £ < n — 1 and 1 < j < n. There then exists an isothermick 
hypersurface f n in R n+1 such that {fi, . . . , f n } is a Combescure sequence of 
isothermick hypersurfaces. 

Classical ChristofFel transforms 

When n = 2, we may assume that c = (1, 1) T , b = (1, — 1) T , / = Yc, 

,_, _ — * \ y 2u/a 2 , j 2\ j -1 /coshu sinhu\ 
5i = (ei,e 2 ,e 3 ), 1/ = e^(dxf + dx z 2 ), and s 2 = ( ginhn coshn )• Then 



f{x) = Y(x)c \— > /(x) = y(x)6 given in Theorem 4.1 is a classical Christoffel 
transform of isothermic surfaces in M 3 . Since g 2 l c = e"(l, 1) T and g 2 o = 
e _u (l,— 1) T , we have df = e u {e\dxi + e^da^), df = e~ u {e\dxi — e^da^), 
e*i,e2 are principal directions, and / 1— ► / is orientation reversing. 

Isothermic^ submanifolds 

An n-dimensional submanifold in M n+m is isothermic^ if it has flat nor- 
mal bundle and line of curvature co-ordinates so that the induced metric is 



Guichardfc. Theorems 4.1 and 4.3 for isothermic^ hypersurfaces can be gen- 



eralised easily to isothermic^ submanifolds (with essentially the same state- 

, . 0(2n+l-fc,fc) , 0(2n+m-k,k) \ T ,. n 

ments except replacing 0(n j 1)x0(n _4 fc) by (n+m)xO(n-k,k) ^ In P artlcular > 
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2-submanifolds of R 2+m are isothermici if and only if they are isothermic in 
the sense of |] and @. 

5. Loop Groups, Ribaucour and Lie transformations 

Classically, geometric transforms for isothermic surfaces were constructed 
using differential geometric techniques. The Gauss-Codazzi equations for 
surfaces in R 3 admitting a huge class of geometric transforms often turn out 
to be soliton equations, and their geometric transforms can be constructed 
from the dressing action on the space of solutions. Although the classical 
geometric constructions are beautiful, they often seem mysterious. But if 
the Gauss-Codazzi equation is a soliton equation, then the techniques from 
soliton theory give a unified method to construct these geometric trans- 
forms. In this section, we first review the dressing action of a loop group 
on the space of solutions of the U/K-system, then use the dressing action 
of a rational loop with two poles and the scaling transformation of solutions 
of the U/K -system to, respectively, construct geometric Ribaucour and Lie 
transforms for Combescure sequences isothermic^ hypersurfaces in M n+1 . 
We also show that the conjugation of a Ribaucour transform by a Lie trans- 
form is Ribaucour and that Christoffel transforms commute with Ribaucour 
transforms. 

The Dressing action 

Fix e > 0. Let L(U ) denote the group of holomorphic maps from 
er 1 < |A| < oo to Uc satisfying the U/K-reality condition ([2~2]) , L + (U C ) 
the subgroup of g G L(U C ) that can be extended holomorphically to C, and 
L_(C/ C ) the sub group of g G L(U C ) that can be extended holomorphically 
to A = oo with g(oo) = I. The dressing action of L_([/ c ) on L + ([/ c ) is 
defined as follows: Given g± G L±{U ), use the Birkhoff Factorization The- 
orem to see that for generic g± we can factor g~g+ = g+g- uniquely with 
g± G L±{U ), then the dressing action of L_([7 C ) on L + {U' C ) is defined by 
9- *9+ =9+- 

It is proved in j|] that the L_([/ c ) action induces an action on the space 
of solutions of the U / X-system and on the space of normalized extended 
frames: If E is the normalized frame of a solution v of the U/K-system, then 
E(x) G L + (U C ). Given <?_ G L_(U C ), let E(x) = g- * E(x). Recall that 
E(x) is obtained by factoring g^E(x) = E{x)g-(x) with E{x) G L + (U C ) 
and g~(x) G L_(?7 C ). Then E is the normalized frame for a new solution 
v = v + 7r(?ni) of the U/K-system, where mi is the coefficient of A -1 for 
g-, and 7r(^) is the projection from p to a 1 n p. Note that Theorem ^1 is 



a special case of this general Theorem when we take g- = p a L defined by 



(5.2). In this case, the factorization is carried out explicitly. 

The Cauchy problem 

The U /-KT-system as an exterior differential system is involutive and, by 
Cartan-Kahler Theory, local analytic solutions are determined by a germ of 
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an a 1 - n p-valued analytic function on a regular line (cf. ||). Recall that 
a 6 a is regular if ad(a) : a 1 - n p — > t is injective. Solutions in the orbit of 
L_(C/ C ) at the vacuum solution are local analytic. 

We can also apply the theory of inverse scattering to find global solutions 
to the Cauchy problem (cf. @). Explicitly: fix a regular b G a, and let £o : 
M. — > a 1 - n p be rapidly decreasing and have L 1 -norm less than 1; then there 
exists a unique global solution H to the U/ K-system such that E(tb) = £o(t). 

The Dressing action of a simple element 

Sections 3 and 4 explain how to construct Combescure sequences of 
Guichard/j orthogonal co-ordinate systems on R n and isothermic^ hypersur- 
faces in R n+1 from solutions of the 0< °^n-k,k) -systems and 0{ °l\]to~(n-k,ky 
systems respectively. The dressing action of the loop group on the space of 
solutions of the U / K-system gives rise to various transformations of the 
corresponding geometric objects. However only the action of the simplest 
kind of rational loops in L_(U C ) are known to give geometrically interesting 
transforms. 

The dressing action of a rational germ on the space of solutions of the 
U / K-system can be computed by residue calculus. We can thus use The- 
orems |3.2| and LI to construct geometric transformations of Guichardfc 
orthogonal co-ordinate systems on R n and isothermicfc hyper surf aces in 
M n+1 . We give the explicit formulae for the dressing actions of the simplest 
type of rational loops and show that the corresponding transformations of 
isothermicfc hypersurfaces are Ribaucour transformations. 

Simple elements p a l 



Let a be the conjugation by p = I n +i,n as in Example 2.5 that gives the 
symmetric space ^ = o{n+i)xO(n-k k) • Choose a scalar a & IR X U iM. x , and 
an isotropic line t such that either 

(5.1) t < R 2 ^ 1 '^ and a € K x , or t < R n+1 © iR n - k > k and a G iR x , 

where R x = R \ {0}. Let L = £ c and suppose in addition that pL ^ L 
(equivalently pL JL L). Let 717, denote the projection onto L away from 
pL^. In fact, if I = (v) with (v,v)k = and {v,pv)k = 1, then 

7T L = VV T p, TT pL = pVV T . 

Define the simple element p a ^ by 

X — a X + a 

(5-2) Pa,L[ X ) = ~xTa 7TL + 7F ( L ®' 3i ) ± + A^a 7Fpi ' 

It is easily checked that p a ,L satisfies the [//if-reality condition. 

The following is known ([Q, ^]) for the ofa)xO(n-\ 1) -system, and ex- 
actly the same proof works for the Q(„+i"xo7"-fc fc) " s y s ^ em an( ^ ^ or * ne 

0(2n-fe,ifc) . 
Q(n)xO(nlfc,fc) - S y stem - 
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Theorem 5.1. Let ^ = o(njxO(n-l k) > ^\(x) the normalized extended 
frame for a solution (F, 7) of the ^-system, a € C, L = £ c an isotropic 
line in c 2n +!- fc > fc such that t satisfies (5J-), and p a ,L the simple element 
defined by fl5.2|). Then: 



(1) There is an open subset B of the origin in W 1 such that E a 1 (x)L ^ 
p{E- 1 (x)L) for all x £ B, where p(g) = l n+ i tn gl~\. ljn , 

(2) L{x) = E~ 1 (x)L and a satisfy (|5,1|), so there exist Q(x) G C n+1 and 



Z(x) G C n such that L(x) = ( ( % X \ ) ) with (Q,Q) = ~(Z,Z) h 



2 and Q = Q and Z = sgn(a 2 )Z, 
(3) E(x) := E(x)p~ 1 „_i , . is an extended frame for a new solution 

v ' K ' v '^a,E a (x)L J J 

(F,j) of the U j 'K -system, where 

{F^) = {F, 1 ) + aZQ T . 

Ribaucour transforms 

Let M and M be two hypersurfaces in R n+ . A diffeomorphism 4> : M — > 
M is a Ribaucour transform (cf. 0) if: 

(1) For each peM there is an n-sphere S p containing p and (f)(p) such 
that M and M are tangent to S p at p and (j)(p) respectively. 

(2) dcftp maps eigenvectors of the shape operator of M at p to eigenvec- 
tors of the shape operator of M at 4>{p). 

(3) The tangent line through p in a principal direction v meets the tan- 
gent line through 4>{p) in the direction of d(p p (v) at equal distance. 

Remarks 

(i) The equidistance claim of (3) follows automatically from (1) and (2) 
provided that the principal directions through p, 4>{p) in fact meet. 

(ii) In classical differential geometry, a sphere congruence in M n+1 is an 
n parameter family of n-spheres S = {S x \ x € O}, where O is an 
open subset of M. n . It is easy to see that there are two hypersurfaces 
f(x) and f{x) in R n+1 so that f(xo), f(xo) S S Xo and S Xo is tangent 
to / and / at /(^o) and f(xo) respectively. These are the called 
envelopes of S. We also call the resulting map f(x) 1— > f(x) a sphere 
congruence. A Ribaucour transform is thus a sphere congruence that 
preserves lines of principal curvature. 

(hi) Let M be a hypersurface in IR n+1 , and (ei,... ,e n +i) an orthonor- 
mal frame on M such that e%, . . . , e n are principal directions (i.e., 
unit eigenvectors for the shape operator of M). Let M be another 
hypersurface, (j) : M — > M a diffeomorphism, e n +i the unit normal 
field on M, and ei is the direction of d(p(ei) for 1 < i < n. Then ^ 
is a Ribaucour transform if: 

(a) e*j is a principal direction for M for 1 < i < n. 
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(b) There exist functions hi, ... , h n+ i on M such that 
4>{p) + hi(p)ei(p) = p + hi(p)ei(p), 1 < i < n + 1 
for all p G M. 

Theorem 5.2. Let (F, 7) 6e a solution of the Q(^+i)xO(n-k fcl - s V s ^ em > E 
the normalized extended frame for (F, 7), V defined by 

9E n ( y\ 

lA=o-^_jyT J, 

where c a constant null vector in M. n ~ k ' k , and fg = Yc (the resulting 
isothermick hypersurface in W 1 ^). Let p a ^L be the simple element defined 
by (|5.2[), and Q, Z and E as in Theorem \5. \ Then: 



(1) Eq = K^ 1 g J and Eq = P J /or some 01,51 € 0(n + 1) and 
52,52 G 0(n - 

(2) Wroie 51 = (e*i, . . . , e n+ i)> 51 = (e 1? . . . , e n+1 ), u = Jg^c = 
(ui, . . . ,u n ) T , Q = (gi, . . . ,q n +i) T , and Z = (z 1 , . . .,z n ) T . Set 

z T t- n+1 



fc '■— fc 1j e j- 



Then 

(a) /g is isothermick, 

(b) {e*i}™ =1 and {e*j}™ =1 are principal curvature directions of fg and 
fg respectively, 

(c) R a ,L ■ fc fg is a Ribaucour transform, in fact, 

h-^-e^fg-^e,, l<i<n + l. 
aqi aqi 

Proof. Note that 



from which we write 
E^ = E 



1 + tt^zQQ t -j^Kqz t j 



V j^iZQ t L - jt^QQ 7 J ^ 
Evaluate at A = to get 

(5.4) (* = °) ( l -W T 
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Let &i and efj denote the ith column of g\ and g\ respectively. By ( |5.4D we 
have 

n+l 

(5.5) ei = £i - qi ^ gj-e), 1 < i < n + 1. 

i=i 

Recall that u = Jg^c. Notice that 

dE~ 1{ ( Y\ dE 1{ f Y 

8X ^=o-{-JY T o h d\ ' A=0 ~~ \-JY T 



where J = l n -k,k- By (|5T3D , 

(5.6) Y = Y -a~ x g x QZ T Jg^ x . 



Set fg = Yc. Then since / = Yc and fl5.6|) , 

fs= fc~ or l giQZ 7 Jg 2 1 c. 

Or equivalently, 

fc~ h= -a^giQiZ^^cjk = Y]qiei. 

a r— f 



n+l 



By 



<?jej', 1 < i < n + 1. 

3=1 



Hence / ? + /i^ = fg+ for 1 < i < n + 1, where /» = □ □ 

As a consequence of Theorems |4.3| and |5.1| we have: 

Corollary 5.3. Let {/i,...,/ n } be a Combescure sequence of isothermick 
hyper surf aces in and p a L o, simple element defined by fl5.2|) so that 

a,L satisfying condition ( |5.lD . T/ien i/iere is a new Combescure sequence of 
isothermick hypersurfaces {/i, . . . , f n } so that fi{x) \— ► /j(ic) is a Ribaucour 
transform for each i. Moreover, the radius of Si(x) depends only on x but 
not on i, where Si(xo) is the sphere tangent to fa and fi at fi(xo) and fi(xo) 
respectively. 

Ribaucour transforms of a Combescure sequence of isothermic/% hypersur- 
faces in M n+1 can also be constructed by solving a system of compatible 
ODEs: 

Theorem 5.4. Let f = {fx, . . . , f n } be a Combescure sequence of isothermic^ 
hypersurfaces in M n+1 with 1ft = Yli=l u id x j, /j(0) = 0, and f Xi (ti) is par- 
allel to Vi for 1 < i <n, where {v\, . . . ,v n +i} is the standard basis o/M n+1 . 
Let (F, 7) denote the solution of the gff^off k) -system constructed from 
f as in Theorem i.e., are defined by (4.1). Letd\ the Lax pair (2.4) 
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for (F, 7). Given a G M x x iM x and £ = (v) satisfying (|5.1|), £/ien i/ie /o/- 
lowing first order system for y : M. n — > C 2n is solvable and has a unique 
solution: 

dy=-O a y, y(0) = v. 

Moreover, 

(1) (y(x)) satisfies condition ( |5.1[ ), so i/iere exists Q(x) G M n+1 and 

el" i/«£R and in iM n i/a G iM x snc/i tfiai (y) = 

and (Q,Q)o = -(Z, = 2, 

(2) /j := fi — ^-^Y^j=x Qj&j defines a Ribaucour transform R a ,L, 

— fx -> 

where e, = for 1 < i < n, e n +i is the unit normal for f , 

Q = (qi,- s -,q n +i) T , andu = (ui, . . . ,u n ) T , 

(3) . . . , /„} is a Combescure sequence of isothermic^ hyper surf aces. 

Proof. Note that Theorem |5.1| (2) says that L = E a L, where E is an extended 
frame of 7). Then 

d-L = — E a ^dE a E a ^ L = — 9 a L. 

This gives a system of ODE dy = —9 a y. This system has n independent 
solutions if and only if 9 a is flat. The rest follows. □ 

Let R a ,L and denote the Ribaucour and Combescure transforms for 
Combescure sequences of isothermic^ hypersurfaces in R n+1 . It follows from 
the constructions of these transforms commute, i.e., 

o R a L = R a L o Cg. 

Scaling transforms 

We review the scaling transform on the space of solutions of the U / K- 
system (cf. ||). Let Aut(L) be the group of automorphisms of the group 
L defined in the beginning of this section, and p : M + — > Aut(L) the group 
homomorphism defined by 

(p(r)(g))(X) = g(r\). 

It is easy to see that p(r)(L±) C L±. The multiplication for the semi-direct 
product M + x p L- is 

Oi, 9i)(r 2 , g 2 ) = {r 1 r 2 ,gi{p{rx){g 2 ))). 

The R + -action on the solutions of the U /-KT-system is defined as follows: If 
r G M + and v is a solution of the U / K-system., then v(x) = r~ 1 v(rx) is 
again a solution and the normalized frames are related by 

E(x,X) = E(r~ l x,rX). 

Then r * v = v and r * E = E define an IR + -action on the space of solutions 
and the space of normalized extended frames of the U/ K-system. 
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It is proved in Q that the M + -action and the L_-action on the spaces 
of solutions and normalized extended frames extend to an action of the 
semi-direct product R + x p L_ on these spaces. Since (r, g)(r~ , 1) = 
(l,p(r)(g)), we have 

(5.7) r* (g* (r _1 *v)) = {p(r)(g))*v, r*(g*(r' 1 *E)) = (p(r)(g))*E, 

where v is a solution of the U / K-system and E is its normalized extended 
frame. 

Lie Transforms 



As a consequence of the 1R -action and Theorem |4.1| we get, 

Theorem 5.5. If f = {/i, . . . , f n } is a Combescure sequence of isothermick 
hypersurfaces in M n+1 and r € R + , then f = {/i, . . . , f n } is a Combescure 
sequence of isothermick hypersurfaces in R n+1 , where fi(x) = rfi(r~ 1 x). 
We denote this transform by S r . 

The scaling transform exists for the Sine-Gordon equation q x t = sing: 
q(x, t) = q(rx, r _1 t) is again a solution of the SGE if q is. The Gauss- 
Codazzi equation for K = —1 surfaces in M 3 is the SGE, and the scaling 
transformation induces a transformation of surfaces in M 3 with K = — 1. 
Such transformations were constructed by Lie. We therefore call the trans- 
formation given in Theorem 5J3 the Lie transform for isothermicfc hypersur- 
faces. 

It follows from p(r)(p a L) = Pr~ 1 a L an d (5.7) that we have: 

Corollary 5.6. Let S r and R a ,L denote Lie transform and the Ribaucour 
transform for Combescure sequences of isothermick hypersurfacesin M n+1 
respectively. Then S r o R a> z S r -i = R r -i aL . 

Ribaucour transforms are defined for submanifolds with flat normal bun- 
dle (cf . |j] ) : Let M, M be n-dimensional submanifolds in M n+m with flat nor- 
mal bundle, and (ei, . . . , e n ) an orthonormal frame on M such that e\, . . . ,e n 
are common eigenvectors for the shape operators of M, and e n+ i, . . . , e n+m 
are a parallel normal field to M. A Ribaucour transformation from M to 
M is a bundle morphism P : v{M) — » v(M) which covers a diffeomorphism 
(j) : M — > M satisfying the following conditions: 

(1) For 1 < % < n, &(j) p {ei{p)) is a common eigenvector of the shape 
operators of M at 4>(p), 

(2) (e n+ i, . . . , e n+m ) := (P(e n+ i), P{e n+m )) is an orthonormal par- 
allel normal frame on M. 

(3) There exist smooth functions rj on M such that 

p + ri(p)ei(p) = 4>{p) + ri(p)ei(p), 1 < % < n + m, 
where e*j is the direction of d(/>(e*j) for 1 < % < n. 
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It follows that if (f> is Ribaucour, then M and M envelop m congruences 
of n-spheres: fixn + l<z<n + m, the ith congruence is the family of 
n-spheres S p in ]R n + m with centres p + ri(p)ei{p) and radii |rj(p)|. 

Ribaucour and Lie transforms can similarly be constructed for Combes- 
cure sequences of isothermic^ n-submanifolds in M n+m as for Combescure 
sequences of isothermic^ hypersurfaces in M n+1 . 

The first author was supported in part by an NSF Advance Grant. The 
second author was supported in part by NSF Grant DMS-0707132. 
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